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Abstract. Modern solvers for quantified Boolean formulas (QBFs) pro-
cess formulas in prenex form, which divides each QBF into two parts: the
quantifier prefix and the propositional matrix. While this representation
does not cover the full language of QBF, every non-prenex formula can
be transformed to an equivalent formula in prenex form. This transfor-
mation offers several degrees of freedom and blurs structural information
that might be useful for the solvers. In a case study conducted 20 years
back, it has been shown that the applied transformation strategy heavily
impacts solving time. We revisit this work and investigate how sensitive
recent QBF solvers perform w.r.t. various prenexing strategies.
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1 Introduction

Quantified Boolean formulas (QBFs), the extension of propositional formulas
with quantifiers over the Boolean variables, have many applications in formal
verification, synthesis, and artificial intelligence [28]. Over the last 25 years,
many efficient QBF solvers have been developed [2], with clear tendency to-
wards QBFs in prenex conjunctive normal form (PCNF). A QBF in PCNF has
the form Qqx1 ... Qnx,.¢ where Q; € {V,3} and ¢ is a propositional formula in
conjunctive normal form. In general, encodings do not result in formulas of this
structure, because of recursive definitions in the encoding or from optimizations
that try to minimize the scope of variables. Origins for a non-CNF structure can
be for example the use of equivalences or xors in the encoding. Therefore two
transformations are required: (1) prenezing which shifts the quantifiers outside
of the formula, and (2) transformation of the quantifier-free formula to CNF.
The latter is efficiently achieved by applying the QBF-variant of the well known
Tseitin transformation [3I] or the optimized Plaisted-Greenbaum transforma-
tion [24]. In this work, we focus on the prenexing.

* This work was supported by the LIT AI Lab funded by the state of Upper Austria
and by the Vienna Science and Technology Fund (WWTF) [10.47379/VRG11005].
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Without loss of generality, formulas can be assumed to be in negation normal
form (i.e. negation symbols only occur in front of variables) and cleansed (i.e.
no variable occurs both bound and free, and every variable is quantified at most
once). Under these conditions, prenexing is achieved by the following two rules:

(Qu.p)oy’ & Qr.(poy)  ¢o(Quy) e Qu(poy)

with Q € {V,3} and o € {A, V}. The formula structure imposes an ordering of
the quantifiers based on the subformula relation. Quantifiers from independent
parts of a formula can be freely ordered. For example, the formula Vz.(Jy.(y Vv
x)) A (Vz.(2 V —x)) has prenex forms Va.3y.Vz.¢ or Va.Vz.3y.¢p where ¢ = (y V
x) A (z V —z). Hence, a prenex form is not uniquely determined.

Egly et al. [6] suggested four different prenexing strategies that minimize
the number of quantifier alternations in the prefix. Empirically, they showed
that the selected prenexing strategy impacts solving performance. In this work,
we revisit those prenexing strategies and give a concise formalization, which the
original work lacked. We show that the original four strategies disambiguate into
six unique prenexing strategies when enforcing a minimal number of quantifier
alternations, and we present a tool that implements those strategies. To evaluate
the impact of prenexing on modern solvers we reimplemented the generator for
encoding nested counterfactuals and performed extensive experiments with these
formulas and formulas from the QBFEval’08 in which a non-prenex track was
organized.

2 Preliminaries

The set of quantified Boolean formulas QF(X) over variables X is defined as
follows: (1) T, L,x,~z,-T,~L e QF(X)ifz € X, (2) o V¢, p ANy € QF(X)
if p,¢" € QF(X), (3) if p € QF(X), then Va.p, Ir.p € QF(X) with z € X|In
QBF Q. with Q € {V, 3}, the subformula ¢ is called the scope of variable x €
X and z is said to be bound by quantifier Q. If variable z occurs in QBF ¢, but ¢
does neither contain 3z nor Vz then z is free in . The set of all free variables of a
QBF ¢ is denoted by free(p). A QBF without free variables is called closed. In the
following, we assume that each variable is in the scope of at most one quantifier
and that each variable occurs either free or bound, but not both in a formula.
We call such formulas cleansed. The semantics of a QBF ¢ is defined by the
interpretation function [.],: QF(X) — B where B = {1,0} and o: free(p) — B
is an assignment to the free variables of ¢. Then [T], = 1, [L], = 0, for any
x € X, [z]y = o(z) and [-w], = 1 — [v], for v € X U{T, L}. Furthermore,
[p1 A @2]o = min{[pi]o, [p2]o}, and [p1 V 2] = max{[1]s, [p2]o}. Finally,
Fe.plo = max{ele| T], plal L]} and [Va.¢l, — min{plz|T], ¢[e] L]} where plaft]
denotes the QBF obtained by substituting a variable x by a truth constant
te{T,L}in ¢. Two QBFs ¢, ¢’ € QF(X) are equivalent if [p], = [¢'], for any
assignment o.

3 For simplicity, we assume negations only in front of variables and truth constants.
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Definition 1. The propositional skeleton ppsk of QBF ¢ € QF(X) is defined
as follows:

x if p = x, xe XU{T,1}

I if ¢ = -, xe XU{T, L}
T oo o= 09", o€ {A V)
@ sk ifoe=QV.y, Qe{V¥,3}

We say that a QBF ¢ is of the form QV.¢’ for a set of variables V' whenever
0 =Qxi..... Q. for some enumeration x1,...,z, of V. A QBF ¢ € QF(X)
is in prenex form if it is has the structure I1.¢p where II = Qiz1...Q,z, is a
quantifier prefix with Q; € {V,3}, ; € X and z; # z; for i # j and ¢ is a
propositional formula. If ¢ is also in conjunctive normal form (CNF), then ¢ is
in prenex conjunctive normal form (PCNF). A propositional formula is in CNF
if it is a conjunction of clauses. A clause is a disjunction of literals and a literal
is a variable or a negated variable. Obviously, (II.¢) ¢ for a PCNF formula
11.¢.

Proposition 1. Consider QBFs ¢, ', a quantifier Q € {V,3}, a connective o,
and variables x,y.

psk -

1. If po(Quz.¢') is cleansed, then Qu.(po ') is cleansed, and both formulas are
equivalent.

2. If Qx.Qy.p is cleansed, then Qy.Qx.p is cleansed, and both formulas are
equivalent.

Forests, trees and partial orders. We will oftentimes regard trees and forests as
partially ordered sets. In particular, we define a forest as set T equipped with a
partial ordering < such that for all elements « € T, the subset {y € T | y < z}
is totally ordered. When T is finite, this definition appropriately models the
recursive concept of a forest: the elements of T are nodes, and x < y if y is a
descendant of . We say that x is covered by y whenever < y and there is no
z € T with x < y < z. When regarding T as a forest, this means that x is the
parent of y. A forest T is a tree if, additionally, for any two elements z,y € T
there is another element z € T with z < x and z < y. For a finite 7', this implies
that T has a least element, which corresponds to its root.

Given a forest T', we call a list z1,...,2, a path in T ifforall1 <i<j<n
we have z;,z; € T and z; < ;. The height of a forest T' is defined as

ht(T') = max{n > 0 | there is a path z1,...,z, in T}.
For a node = € T, we define its lower bounds as T* = {y € T | y < z} and its
upper bounds as T, = {y € T | y > x}.

Parity-based functions. We will use a parity-based version of the floor and ceiling

functions. Intuitively, [n], (resp. [n],) rounds n down (resp. up) to the closest

integer with the same parity as k. Formally, for integers n, k € Z we define:
], = max{m € Z | m <n and m — k is even}

[n], = min{z € Z | 2>y and m — k is even}
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Direction-parametric operators. At several points our ordering-based definitions
will depend on a direction parameter T € {1,]}. Intuitively, T-labeled operators
use a reverse ordering, while J-labeled operators use an unmodified ordering. In
particular, we define the following operators:

<t is > <t s < (and similarly for >T, <f, >T)
min' is max min* is min (and similarly for max")
L. Jb is .01, L-Jp is |...], (and similarly for [...7})
Tr is T® T: is T, (and similarly for T7")

3 Related Work

Already 20 years back it has empirically been shown that quantifier shifting has
a severe impact on the solving performance [6] of QBF solvers. In this work,
four different prenexing strategies were introduced that intuitively result in the
smallest number of possible quantifier alternations. The authors noted that the
presented strategies “leave room for different [prenexing| variants”. In this work,
we close this gap by providing a concise formalization of quantifier shifting.

The observation that the prenexing strategy impacts solving performance
motivated development of several non-prenex non-CNF solvers [TIT5829]. With
the rise of efficient preprocessing for PCNF formulas and a focus on applica-
tions with few quantifier alternations, however, solver development focused on
formulas in prenex form. To deal with the information loss induced by quan-
tifier shifting, solvers were introduced that employ dependency schemes [27] to
(re-)discover and exploit variable independencies [I622], i.e., those solvers re-
cover information on quantifier dependencies that is hidden in the prefix. Reeves
et al. presented an approach to move Tseitin variables from the inner-most quan-
tifier block to the outer-most possible position in the quantifier prefix [26]. The
exact position is determined by the variables occuring in the formula defined by
the Tseitin variable. With this reordering, they observe a considerable speed-up
in solver performance. Lonsing and Egly evaluated the impact of the number
of quantifier alternations on recent QBF solvers [18]. In their experiments, they
established a correlation between different solving paradigms like expansion or
QCDCL (see [2] for a detailed discussion of such proof systems) and the num-
ber of quantifier alternations. Also, proof-theoretical investigations [I] identify
the number of quantifier alternations as source of hardness for practical solving.
However, to the best of our knowledge, there is no recent study that investi-
gates the impact of quantifier shifting on the solving behavior of state-of-the-art
solvers for formulas in prenex normal form.

Nowadays there is also much interest in dependency quantified Boolean for-
mulas (DQBF) which allow for an explicit specification of quantifier dependen-
cies. The decision problem of these formulas is NEXPTIME-complete [23], in
contrast to the PSPACE-completeness of QBFs.
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4 Quantifier Shifting

In this work we aim to transform arbitrary QBF formulas ¢ (which are not in
general prenex or in CNF) into equivalent prenex QBF formulas of the form
Qiz1. ... Quan.psk. The formula @y is not necessarily in CNF, although this
can be easily achieved through the well-known Tseitin procedure.

The method we propose can be roughly summarized as follows. First, a quan-
tifier tree reflecting the scope hierarchy of quantifiers in ¢ is constructed. Each
node in this quantifier tree will then be assigned a rank with some restrictions
to guarantee soundness; we call this assignment a linearization. Finally, the for-
mula Qiz1....Qn%Tn.@psk is constructed by enumerating the bound variables
Z1,...,Ty by rank; thanks to the restrictions on linearizations, this formula will
be equivalent to .

Ezxample 1. Throughout our work we will use the following QBF 7 as a running
example:

3(13‘1.3?1 A\ ( (Vy1 ( 321.(ﬁy1 V Zl) A
YVuy.Juy.(y1 V oug Vor) A (myr Vg V ﬁvl)) A

(VZQ.(HuQ.ﬁZQ Vo) A (Vuz.zq V za V U3))) V

<E|y4.(y4 N VZ4.E|U4.Z4 A U4) V (_‘y4 N E|Z5.VU5.Z5 A U5)>>

Its propositional skeleton 7, is then given by:

x1 A ( (kg1 Vz) A (g1 V—ug Vor) Ay Vg Vo=og) A
(mz2 Vug) Az V2o V U3)) Vv

(y4 A z4 A U4) V (_‘y4 A zZ5 A U5))
Consider the following two quantifier shifts for 7:

n = Jx1.3ya.T25.Vy1 V2o Vus . Vzy . Vus. 321 . Fug. Jug Vg . Fvg 0psk
0" = 3r1.3ys.F25.Tv1 VY1 V20 Vug Vaa Vus. 321 . Fug. Fug Yug npsk

While 7’ is equivalent to 7, the QBF formula n” is not. The intuitive reason
is that in n” the quantifier Jv; has been pushed across quantifier alternation
boundaries. This is exactly the situation our formalization will prevent.

Our formalization associates to each QBF a forest obtained by removing from
its syntax tree all non-quantifier nodes. The remaining nodes are thus uniquely
determined by a bound variable and a quantifier, and this forest contains all
the information needed for quantifer shifting. Hence, we first define the abstract
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concept of quantifier forests, and then we will show how to construct a quantifier
forest from a QBF as above.

A quantifier forest is a triple (T, <, q) where (T, <) is a finite forest regarded
as a partially ordered set (see Section and ¢ : T — {V,3}. We call it a quantifier
tree or quantree whenever (T, <) is a tree. If (T, <, q) is a nonempty quantree,
we also define ¢*(z) = 1 if ¢(x) = ¢(min(T)) and ¢*(z) = 0 otherwise. Given a
QBF formula ¢, its associated quantifier forest is a triple (T, <., q,), where T,
is the set of bound variables in ¢, and <, and g, are defined recursively:

If ¢ is either T, L or z € X, then <, = () and ¢, = 0.

— If ¢ = ~po where pg € X U{T, L}, then <, = () and g, = 0.

If ¢ = 1 0 g with o € {A, V}, then <,=<,, U<, and g, = gy, U gy, -

If ¢ = Qz.@o for a quantifier Q, then <,=<,, U{(z,y) | y € T,} and
Qe = dypo U {(‘Tv Q>}’

Proposition 2. Let (T,,<,,q,) be a quantifier forest of QBF ¢. If ¢ = Q.
for a quantifier Q, then (T,,<,,q,) is a quantree.

Ezxample 2. Figure [I] shows the quantree associated to the QBF 7 from Exam-
ple[l]l In general, we can only guarantee that the quantifier forest associated to
a QBF is a tree when the QBF is of the form Q.. For example, the quantifier
forest associated with (Vz.x) A (Jy.y) is a forest with two incomparable elements
x and y.

4.1 Linearizations over Quantrees

We now formalize the main object of this paper, namely the different ways
the quantifiers in a formula can be rearranged into a quantifier prefix to an
equivalent prenex formula. Given a QBF of the form Qx.p for a quantifier Q,
we consider its associated quantree T'. We aim to construct an equivalent prenex
QBF Q'V;.... QNVN.@pSk where Q # Q! for 1 <4 < N. To do so, each node
in T (i.e. each bound variable in Qz.¢) must be mapped to a single quantifier
block QV;. We call this i its rank. However, as shown in Example [1| assigning
arbitrary ranks is unsound (i.e. the obtained prenex QBF is not equivalent to
Qz.¢). We show how bound variables can be ranked while preserving soundness.

Let us consider an arbitrary quantree T. A map f : T — {1,..., N} for some
N > 0 is called a linearization if:

1. f(x) < f(y) for all quantree nodes z,y € T with z < y.
2. For all quantree nodes x € T, f(x) is odd if and only if ¢*(z) = 1.

Consider now a QBF of the form Qy.¢ where Q is a quantifier and y is a variable,
and its associated quantree (T, <,q). In this case, since T is the set of bound
variables in Qy.p, a linearization f: T — {1,..., N} maps each bound variable
x € T to an integer f(z) we call its rank. A QBF o is called a prenexation of
Qu.¢ via f if ¢ is of the form Q'V1.... QN Viv.¢psk where V; = {z € T'| f(z) =i}
and Q' = Q (resp. Q) if 7 is odd (resp. even) for 1 < i < N.
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/ Eml \
Vy1 E|y4
BN ZN
321 VZQ VZ4 325
I | |
Vul Huz VU3 Elu‘l VU5
|
31}1
3 v 3 A 3
fore.o)=1 f(..H)=2 f(...)=3 f(...)=4 f(...)=5 strategy
f T1Ya2s Y122U324Us Z1U2U4 ul 1 v/
fa T1Y425 Y122U324Us5 Z1 U1 V1 U2U4 V1l
f3 T1 Y122U3 21Y425 U124U5 V1U2U4 Bl
fa z1yazs Y1 z1 U1 ZoU324Us  Viugus V4T
fs x1yazs Y12224 Z1U2Uyg UIUIUS V1 It
fo z1 Y1 21Y425 U122u3zzaus  viugua  VIL/IL

Fig. 1. Above, the quantree associated to the formula 7 from Example [I} Below, op-
timal linearizations for this quantree for each strategy. In each column, the variables
mapped to each rank are shown; the quantifier of each block appears in the header.
Note that the optimal linearizations for strategies Q{1 and QfJ assign the same rank
to Q-quantified variables; this is a consequence of Lemma [2]

Theorem 1. Let T be the quantree associated to a QBFE of the form Qy.p.
Consider a prenexation v of Qy.¢ via some linearization f : T — {1,...,N}.
Then Qu. is equivalent to 1.

To guarantee this form Qy.¢ for an arbitrary QBF ¢, we can simply introduce
a fresh variable y that does not occur in . Obviously, ¢ is equivalent to Qy.¢p.

Ezxample 3. Figure [1] shows six linearizations for the quantree associated to the
QBF 7 from Example |1| and Example |2l In that example, the quantifier shift 7’
is the prenexation of n via the linearization f;. Note that the mapping f that
would produce i is not a linearization, since that would violate Theorem [1| In
particular, uy < wvy but f(vy) < f(uy).

4.2 Alternation Height of Quantrees

So far we have not shown that linearizations even exist. Given the theoretical
and empirical impact of the number of quantifier alternations on QBF solving,
we are not just interested in their existence, but rather on linearizations that
minimize the maximum rank N. We will now show how to compute the minimal
value of N for which linearizations exist; in fact, this value will be extremely
useful to extend the ideas from [6] to arbitrary QBFs in Section
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Consider an arbitrary quantree 7', and a path z1,...,x, in T. We call this
path alternating whenever q(x;) # q(x;41) for 1 < i < n. Then we can define
the alternation height of T as

aht(T") = max{n > 0 | there is an alternating path z1,...,2, in T}.

Intuitively, the alternation height of T is the height of the tree that results from
“clumping” together all adjacent nodes with the same quantifier. It then becomes
apparent that any linearization f over T must have N > aht(T"), since for any
alternating path x1,...,z, we have f(z1) < --- < f(x,). The following result
shows that this lower bound can indeed be realized:

Theorem 2. Let T be a quantree. Then, a linearization f : T — {1,...,aht(T)}
exists. Furthermore, there exists no linearization g : T — {1,..., N} such that
0 < N < aht(T).

Observe that the number of quantifier alternations in a prenexation via a
linearization grows with the value N. In the following sections, we will restrict
our scope to linearizations that minimize this value, i.e. linearizations in the set

Lin(T)={f:T —{1,...,N}| f is a linearization and N = aht(T")}.

5 Linearization Strategies

We now follow up on the ideas from [0] and formalize them. In particular, we
aim to obtain a formal definition of when does a linearization follow a given
strategy, to ascertain whether strategies determine a unique linearization for
each quantree, and to find simple algorithms to compute this linearization.

5.1 Strategies as Preferences over Linearizations

Here we take a non-constructive approach. For each prenexing strategy, we define
a preference relation between the linearizations in Lin(T'); linearizations that
follow the strategy “better” than others are preferred. As we will show, this
induces a strategy-based partial order between linearizations. The desired output
of a strategy must then be a maximal element w.r.t. this partial order.

The strategies from [6] are based on the idea of pushing quantifiers of a given
polarity as high or as low as possible in the quantifier hierarchy. This lends itself
to a natural definition of preference.

Consider an arbitrary quantree 7. Given a direction t € {1, ]} and a quanti-
fier Q, we define the semi-preference relation X over Lin(7T') given by f 2T ¢
iff f(z) <' g(z) for all z € T with g(z) = Q. In other words, g is preferred over
f whenever g assigns ranks to Q-nodes further in the direction { than f does.

Ezample 4. Consider the linearizations f1, f2 and fg from Figure[I] All universal
variables are assigned lower ranks by both f; and fy than by fs, so fg 3™ f1
and fg ¥ f, hold. Note also that f; and f, assign the same ranks to universal
variables, so both f; 2% f, and fo 2¥+ f; hold. Note that this does not imply

fi=fa.
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Example [] shows that the antisymmetric property of partial orders does
not hold for <. This is intuitive: two linearizations might be just as good as
each other regarding Q-nodes, while wildly differing for other nodes. Hence, for
strategies to uniquely determine linearizations we need to provide preferences
for both quantifiers. While this was proposed by [6], it was also noted there that
uniqueness is not attained.

Ezxample 5. The linearizations f; and fs from Figure [1] are both good candi-
dates for linearizations for the strategy 3*V' from [6]: both assign high ranks to
existential variables and low ranks to universal variables. However, there is no
apparent criterion why fo should or should not be preferred to f3 under that
strategy.

We solve this problem by giving one quantifier priority over the other. Our
strategies are of the form Qfi, where Q is a quantifier and {,1 are directions.
A good linearization under this strategy pushes quantifiers Q in the { direction,
and quantifiers Q in the I direction; when in conflict, the former should prevail.

To formalize this idea, we liberally borrow from the somewhat similar notion
of lexicographic orderings. Let us define f ~® g whenever f(z) = g(x) for all
r € T with ¢(x) = Q. In other words, f ~® g holds whenever both f <®f g and
g 3R f hold, regardless of the choice of direction . We define the preference
relation <Qt* over Lin(T) given by f <@ g iff f ZQF g holds, and whenever

f ~Q g holds then f <9 g holds as well.
Proposition 3. <% defines a partial order on Lin(T).

It is easy to check that <"t and <3t are the same preference relation for t €
{1,1}. Hence, our approach defines 6 unique strategies, while [6] only proposed
4 strategies. On the one hand, the 37V' strategy from [6] corresponds to our 311
(or, equivalently, Vit) strategy. On the other hand, our strategies 311 and Vif
with  # 1 are both covered by the 3V strategy from [6], which is not uniquely
determined.

Ezxample 6. Although we cannot yet convince the reader of this, the lineariza-
tions given in Figure [1| are the maximum element of Lin(T") for each of the six
(unique) preference orderings <®*; the corresponding strategy is shown in the
rightmost column. For now, we can foreshadow that strategies Qi1 and Qfl
assign the same ranks to Q-nodes. As shown later in Lemma [I} this holds in
general.

5.2 Optimal Linearizations over a Strategy

Proposition [3] suggests this is a good direction to formalize the idea of strategies:
since Lin(T") is finite, there exist optimal linearizations w.r.t. the preference
ordering <Qt*. We call these linearizations Qt{-optimal; linearizing a quantree
T through the strategy Qfi then means computing a Qff-optimal linearization
in Lin(T).
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Some hurdles remain unsolved, though. For one, we have not determined if
Qti-optimal linearizations are unique (i.e. if maximal elements w.r.t. Q' are
maxima as well). This is of interest because to empirically test the performance
effect of quantifier shifting strategies, the outcome of applying a strategy must be
reproducible at worst, and uniquely determined by definition at best. A second
issue is a consequence of our non-constructive approach: we are yet to provide a
procedure that computes a Qti-optimal linearization for a given quantree.

The rest of this section is devoted to computing a closed-form expression
for Qtf-optimal linearizations. Since this expression is deterministic and com-
putable, this solves both aforementioned issues.

Overview. As we mentioned above, <@ is somewhat similar to a lexicographic
ordering in two components where the first component is ordered by <% and
the second component is ordered by 3% . We exploit this intuition to construct
Qff-optimal linearizations: we will first optimize the first component (in our
case, the ranks of Q-nodes), and then optimize the second component (the ranks
of Q-nodes) while keeping the first component fixed.

To optimize the first component, we find a linearization I'%, defined below
in , that is optimal for <@, This is more precisely expressed in Lemma I
pushes Q-nodes further in direction { than any other linearization.

Interestingly, Iy does not depend on Q: I% actually optimizes all nodes in
the  direction. The second part of our method optimizes the ranks assigned
to Q-nodes in the 1 direction while keeping Q-nodes constant. For a general
linearization f, this procedure results in a new linearization [ f]Qi defined below
in . Lemma [2| shows that [f]Qi is optimal for <®f* among the linearizations
that assign the same ranks as f to Q-nodes. These two results are combined in
Theorem |3} the unique Qfi-maximal linearization is [FT}QI.

Theoretical results. Let us consider a quantree (T, <, q) and a strategy Qfi. We
define the mapping It : T'— {1,...,aht(T)} given by

Ty(x) = [Jmax' {1, aht(T)} - abt(T)] + 1], - (1)

Furthermore, we define the mapping [f]% : T — {1,...,aht(T)} for f € Lin(T)
given by

/1% @) = [mint{f(y) |y € TF and q(y) = Q}]1. .. @

In , min® is taken over a subset of {1,...,aht(T)}; we follow the convention
that min*(0) = maxi{1,... aht(T)}.

Lemma 1. [} € Lin(T). Furthermore, for any g € Lin(T), we have g 3 T}.

Lemma 2. [f]¥ € Lin(T) for all f € Lin(T). Furthermore, [f]% ~2 f, and
for any g € Lin(T) with g ~2 f, we have g < f.

Theorem 3. Let f € Lin(T) be a Qfi-optimal linearization. Then, f = [FT]Qi.
In particular, [FT}QI is the maximum element in (Lin(T), Q).
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Ezample 7. Let us check that [ i]HT is indeed f3 for the quantree in Figurefor a
few values. First note that [I i]HT only depends on the values of I'} for existential
nodes, so we only need to compute these. In this case, max'{1,...,aht(T)} =
aht(T) = 5, ¢*(z) = 1, and aht(Ty¥) = aht(T},) is simply the maximum number
of quantifier alternations below 2. I') respects the tree ordering, so we obtain

(17 (1) = Ti(z) = |I5 — abt(T%,)| + 1], = (4], =3 = f(21):

Furthermore, we can compute [I L]ET(ul) by checking only I'|(z1), since z; real-
izes the min' operator in . Then,

[[UET(Ul) = [FJ,(Zlﬂq*(ul) = [3]p =4 = f3(w).

Examplesuggests that | f]Q;t can be computed recursively. Indeed, the rank
of a node can be computed based on the ranks of its children or parent.

Corollary 1. Let x € T such that q(x) # Q. Then,

(1%@) = [mint {19 | is covered by y € T wrnt. <41

6 Implementation and Evaluation

We implemented the optimal linearization [I T]Qi for each strategy Qt1 described
in Section[f] Our implementation uses the BOOLEGURU framework [10], designed
for efficiently working with propositional formulas and QBFs. BOOLEGURU pro-
vides a convenient parsing and serialization infrastructure for widely used for-
mats, as well as helper functions to write formula transformations. Our extension
is licensed under the MIT license and publicly availabldﬂ

Our implementation computes a quantifier shift on an input QBF ¢ based on
a strategy Q11 by traversing twice the abstract syntax tree of the parsed QBF ¢
in a depth-first fashion. In the first pass, the propositional skeleton ¢, and the
quantree T are extracted. Furthermore, the values aht(7%) and aht(7}), which
we call height and depth of x, are computed for each node =z € T.

The second pass is applied only to the quantree. For each node x € T, we
compute its rank [FT]Q'J£ (x). For Q-nodes, this rank is given by I'}(x), which is
trivial to compute from the height and depth of z; for Q-nodes, Corollary [1|allows
a recursive computation. Based on their rank, quantifier nodes in the quantree
are collected in a quantifier prefix which is appended to ppek.

To apply a linearization strategy to an arbitrary formula, BOOLEGURU needs
to be called with the options :linearize-quants-{E,A}{up,down}-{up,down}
using the quantifier E (3) or A (V) and the two directions up (1) and down ({).
Overall, there are eight different combinations that we evaluate in the following.
However, from the discussion above, it becomes obvious that only six of those

* lhttps://github.com /maximaximal /booleguru
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eight strategies are different. In the implementation, all quantifiers are first ex-
tracted from an expression and processed in a separate tree. Each node contains
the quantifier type, the quantified variables, and dependent quantifier nodes.

After computing the linearization, the extracted quantifiers are inserted piece-
wise as new expressions that wrap the originally transformed expression. This
ensures the ordering of variables within the quantifier blocks stays the same. The
fully quantified expression is then returned from the transformer and can either
be printed using one of BOOLEGURU'’s serializers, or processed further.

6.1 Benchmarks

As most solvers only process formulas in prenex (conjunctive) normal form,
hardly any non-prenex benchmarks are currently available. To test our imple-
mentation, we considered the benchmark set from the QBFEval 2008 and we
reimplemented a generator for nested counterfactuals as described below. All
used formulas and corresponding experimental logs are available at [I1].

Nested Counterfactuals. We developed a novel generator for nested counterfactu-
als (NCFs) based on a Lua script, which is integrated into BOOLEGURU. The full
encoding is described in [6]. To generate NCFs, five arguments must be provided:
numbers of formulas in the background theory, numbers of variables, clauses per
formula, variables per clause, nesting depth. Optionally, a sixth argument to fix
the seed value for random choices. A counterfactual ¢ > 1 is true over a back-
ground theory T iff the minimal change of T to incorporate ¢ entails . In a
nested counterfactual, also ¢ or ¢ are allowed to be (nested) counterfactuals.
For details see [6]. We chose the range of arguments based on the description
mentioned in Egly et al. [6]. We assume that the background theory T always
consists of 5 randomly generated formulas. Each of these formulas consists of 2 to
10 clauses where each clause is a disjunction of 3 variables. The clauses contain
randomly chosen atoms from a set of 5 variables. These atoms have a 50 percent
chance of being negated. No clause may contain the same literal more than once
and the clauses are non-tautological. The nesting depth of the counterfactuals
ranges from 2 to 6. All possible combinations of these selected parameters result
in 45 different classes. For each of these classes, 100 instances were generated to
ensure that both, satisfiable and unsatisfiable results are represented. With the
8 strategies we obtain 36 000 prenexed formulas either in the non-CNF QCIR
format or in QDIMACS.

Non-Prenex-Non-CNF Benchmarks from QBFFEval 2008. In the QBFEval 2008,
a non-prenex, non-CNF track was organized [19]. The benchmarks are available
at the QBFLibE This set consists of 492 formulas in the outdated Boole for-
mat. To transform these formulas into prenex form, we first rewrote them into
the related Limbooltﬂ format that is processable by BOOLEGURU. Again, we
considered all eight options resulting in 4936 prenexed formulas.

5 http:/ /www.qbflib.org
S http://fmv.jku.at /limboole/
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Table 1. Number of solved formulas per strategy and solver of QBFEval’08 set (QCIR).
Diff indicates the difference between the best and the worst strategy. Each strategy has
492 formulas.

Solver I 3 I A VM VUL VL VUt Diff. Rel. diff. (%)

QUABS 380 398 405 366 380 400 376 406 40 8.13
QFUN 340 409 360 339 340 407 341 361 70 14.23
CQESTO 436 451 430 442 436 450 447 429 22 4.47
QUTE 455 464 465 452 455 464 454 465 13 2.64

6.2 Experimental Setup

All experiments were run with a timeout of 15 minutes on a cluster of dual-
socket AMD EPYC 7313 @ 3.7 GHz machines running Ubuntu 22.04 with a
8 GB memory limit per task. We split the experiments into two parts: on the
one hand, we consider solvers that process formulas in prenex conjunctive normal
form (PCNF) and on the other hand, we consider solvers that process formu-
las in prenex non-CNF. For the first group of solvers that accept formulas in
the QDIMACS format, we consider the following solvers: The solver DEPQBF
(version 6.03) is a conflict /solution driven clause/cube learning (QCDCL) solver
that integrates several advanced inprocessing techniques and reasoning under
the standard dependency scheme [I7]. Also QUTE [2I] is a QCDCL solver that
employs dynamic dependency learning. This solver is also able to process QCIR
formulas, i.e., it is also included in the second group. The solver CAQE [25]
(version 4.0.2) implements clausal selection. The solver RAReQS [14] (version
1.1) implements variable expansion in CEGAR style. Finally, DyNQBF [4] [5]
(version 1.1.1) is a BDD-based solver. For pre-processing, we used BLOQQER [3]
and HQSPRE [32]. For testing the encodings in the non-CNF QCIR format, we
include the solvers QUABS [9I30] and CQESTO [13] (version v00.0) (sic) that
lift clausal selection to circuits, QFUN [12] (version v00.0) (sic), a solver that
employs machine learning techniques, and QUTE which was already mentioned
above.

6.3 Experimental Results

In the following, we first discuss the results of the solvers that process formulas
in QCIR, (i.e. formulas in prenex form but not in CNF). Second, we report on
our experiments with QDIMACS formulas for the PCNF solvers.

Prenexed formulas in QCIR. The nested counterfactual benchmarks were eas-
ily solved by QCIR solvers, i.e., they could exploit the formula structure to
quickly solve these formulas (all were solved in less than a second). Therefore,
we focus on the formulas of the QBFEval’08 benchmark set in the following.
Table shows the results for the QCIR solvers and table shows the num-
ber of different prefixes that were generated with all strategy combinations. For
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Table 2. Number of different prefixes generated from of the 2008 non-CNF benchmark
set with all strategy combinations. Each strategy has 492 formulas.

3
N Wit
H

0 400 380 400
11380400 0400
1 400 110 400 270
1 400 380 400 0

Table 3. Number of solved formulas per strategy and solver of NCFs. Diff indicates the
difference between the best and the worst strategy. Each strategy has 4500 formulas.

Solver IM 3 I 3 VT VUL Wil Vit Diff. Rel. diff. (%)

DErPQBF 4500 4495 4497 4500 4500 4495 4500 4497 5 0.11
CAQE 37 86 88 37 37 86 37 88 51 1.13
RAReQS 21 12 19 16 21 12 16 20 9 0.2
QUTE 1012 731 724 1010 1012 731 1010 724 288 6.4
DYNQBF 4274 4456 4318 4467 4279 4469 4474 4316 200 4.44

QUABS, QFUN, and CQESTO we see a clear difference between the best and
worst shifting strategy. In contrast, QUTE seems to be less sensitive regarding
the prenexing, which might be related to its dynamic dependency learning. The
detailed solving behavior of QFUN and CQESTO is shown in Figure [6.3} For
QFUN we observe that 311 and V11 clearly perform best, while V|1 and 31|
seem to be less beneficial.

Prenezed formulas in QDIMACS. Table [3] shows the results of the QDIMACS
solvers on the encodings of the nested counterfactuals and table shows the
number of different prefixes that were generated between all strategy combina-
tions. DEPQBF solves all formulas from 4 of the 8 strategies and most of the
others, DYNQBF is able to solve most of the formulas and QUTE solves about

350

# solved instances
# solved instances

0.01 . 1 10 0.01 0.1 1 10 100 1000
time [s] time [s]

Fig. 2. Solving time of the QBFEVAL’08 set with QFUN (left) and CQESTO (right).
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Table 4. Number of different prefixes generated from of the NCF benchmark set with
all strategy combinations. Each strategy has 4500 formulas.

3
N A R
H

0 4500 4500 4500
31 14500 4500 0 4500
11 4500 0 4500 4500
1 14500 4500 4500 0

4500
4000

4500

4000
3500
3000

3500
3000
2500
2000

2500
2000
1500
1000

1500
1000

# solved instances
# solved instances

500 ¢ 500

0 I I I h 0

0.01 0.1 1 10 100 1000
time |s] time [3]

1000

Fig. 3. Solving time of nested counterfactuals with DEPQBF (left) and QUTE (right).

one quarter of the formulas. Meanwhile RAReQS and CAQE hardly solve any of
those. These could be connected with the observation that those solvers perform
better on formulas with few quantifier alternations. For all solvers we observe
that the chosen shifting strategy impacts the number of the solved formulas. De-
tails of the runs of DEPQBF and DYNQBF are shown in Figure[3] For DEPQBF,
we observe that strategies 3] and V]| are clearly less preferable than strate-
gies 311 and V11, while DYNQBF prefers to have existential quantifiers shifted
down. The QBFEval’08 benchmarks are very challenging for recent QDIMACS
solvers with our encoding. Out of the 492 formulas, DEPQBF solves up to 128
formulas with the best strategy (V] 1). DYNQBF solves around 60 formulas. The
other tools solve less than 30 formulas. Enabling preprocessing is beneficial for
all solvers. When preprocessors BLOQQER or HQSPRE simplify the formulas,
then almost all formulas can be solved. With and without preprocessing, the
shifting strategies have only little impact on this benchmark set. Note that more
than two third of these formulas have five or less quantifier alternations.

7 Conclusion & Future Work

This paper analyzes and extends previous work from 2003 on quantifier shifting
for quantified Boolean formulas. Since then, much progress has been made in
the development of QBF solvers by introducing novel solving paradigms, apply-
ing efficient preprocessing techniques, and exploiting quantifier (in-)dependence.
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However, most of those approaches assume formulas in prenex normal form. As
a consequence, most encodings are provided in this form, which unnecessarily
restricts solvers with a certain design choice. In this work, we not only formalized
prenexing in a concise manner, but we also provide an efficient, publicly available
tool that implements the discussed prenexing strategies and Tseitin transforma-
tion. In extensive experiments with state-of-the-art prenex CNF and non-CNF
solvers, we showed that in many instances prenexing strategy selection impacts
solving runtime. We showed that different solvers perform differently on differ-
ent strategies, hence it was not possible to uniquely identify the best strategy.
Therefore, we think it is important that solver developers and also the develop-
ers of QBF encodings exploit information available in the problem structure and
do not introduce artificial restrictions.

In future work, we plan to design and evaluate further prenexing strategies
and we will also revisit more non-prenex QBF encodings to obtain larger bench-
mark sets. At the moment, hardly any formulas in non-prenex form are available
which we changed by providing the generator for encodings of nested counter-
factuals. But this is a first step only. Many of the considered formulas are either
too hard or too easy for recent solvers, hence more effort is necessary to obtain
a larger variety of interesting benchmarks (also in the light of next QBF evalua-
tions). Finally, we want to explore how prenexing strategies affect the generation
of certificates and solutions in terms of Herbrand and Skolem functions. From
first-order logic, it is well known that it is beneficial to move quantifiers as far
inwards as possible to minimize the arity of the first-order Skolem functions [20].
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In this appendix we provide formal claims for all the results in our work. We
also provide proofs for the results that are not straightforward.

In order to be as precise as possible, we first formalize the assumptions on
QBFs given in Section [2] We assume an infinite set of variables. Given sets of
variables X and B, we recursively define the set of quantified Boolean formulas
(QBF) with free variables from X and bound variables from B, denoted by
QF (X, B) as follows:

— T,L eQF(®,0).

— For all variables z we have z, =z € QF ({z},0).

— For all 91 € QF(Xy, By) and 2 € QF(X3, B2) such that X1 N By = B N
X2 N By N By =0, and for all connectives o € {A,V}, we have ¢ o ps €
QF (X, U Xy, By U By).

— For all ¢y € QF(Xo, By), for all variables @ ¢ By, and for all quantifiers
Q € {V, 3}, we have Qz.p € QF(Xo \ {z}, Bo U {z}).

We say that ¢ is a QBF whenever ¢ € QF(X, B) for some sets of variables X
and B.

Proposition Let X, B be two sets of variables. Consider QBF's v, ', a quan-
tifier Q, a connective o, and variables x,y.

1. If p € QF(X, B), then X N B = 0.

2. For all sets of variables X', B', if p € QF(X, B) and p € QF(X’, B'), then
X=X and B=D'.

3. If poy € QF(X, B), then ¢’ o € QF(X, B), and ¢ o ¢’ is equivalent to
@ 0.

4. If po (Qu.¢') € QF(X, B), then Qr.po ¢’ € QF(X, B), and p o (Qz.¢’) is
equivalent to Qx.p o ¢’.

5. If Qr.Qu.p € QF(X, B), then Qy.Qz.p € QF(X, B), and Q.Qy.p is equiv-
alent to Qu.Qx.p.
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6. If p € QF(X,B) and x ¢ X, then Q. is equivalent to .

7. If p € QF(X, B), then pps € QF(X',0) for some set of variables X' with
XCX CXUB.

8. If p € QF(X,0), then ppsk is equivalent to .

Proposition 2l Consider sets of variables X, B and a QBF ¢ € QF(X,B).
Then, (T,, <,,q,) is a quantifier forest. Furthermore, if ¢ = Q.o for a quan-
tifier Q, then (Ty, <,,q,) s a quantree.

Theorem [Il Let ¢ € QF(X, B) for sets of variables X and B, and let m be a
variable with m ¢ B. Consider the quantree (T, <,q) associated to Qm.p. If a
QBF ¢ is a prenezxation of Qm.o via some linearization f : T — {1,..., N},
then Qm. is equivalent to 1.

Proof. First we prove the case when B = (). Then, ¢, = ¢ by Proposition
Furthermore, we know that T = {m} because Qm.p € QF(X \ {m},{m}).
Let us call £ = f(m), which is odd because m = min(7T"). Then observe that
{x €T | f(x) =i} is empty for each 1 <i < N with i # k; and {x € T | f(z) =
k} = {m}. Because k is odd, we then conclude ¢ = Qm.ppsk = Qm.p, so in
particular 1 is equivalent to Qm..
We now show the general case by structural induction over ¢.
—If p = T or p = L, then ¢ € QF(0,0); this falls within the special case
B =0.
— If ¢ = x or ¢ = —x for a variable z, then ¢ € QF({z},0); this is covered by
the special case B = (), too.
— If ¢ = 105 for a connective o, then we consider sets of variables X, B, X1, By, X3, Bs
where ¢ € QF(X, B), ¢1 € QF(X;,B;) and ps € QF (X3, B2) and the fol-
lowing hold:

X =X1UXy B =By UDB,y XlﬁBQZXgﬂBlzBlﬂBQZ(Z)

Choose distinct variables mq, mgs with mq, ms ¢ X U BU {m}. Then, the
following hold:

Qm.p € QF(X \ {m}, BU{m})
Qmi.p1 € QF(Xy, By U{m1})
Qma.p2 € QF (X2, By U {ma})

Let (T, <s,qs) be the quantree associated to Qmg.ps for 1 < s < 2. Then,
T =BU{m} and Ts = By U {ms}. Let us define k = f(m) and B; = {z €
B f(x) =i} foreach 1 <4 < N. Since m = min(T) and f is a linearization,
k is odd and f(x) > k for all x € T. This implies that for all 1 <4 < N:

0 if1<i<k
{zeT| f(z)=i}= {ByU{m} ifi=k
By ifk<i<N
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Then, by Proposition 1 is equivalent to a QBF of the form Qm.Q¥By..... QY Vy .¢psk-
Now choose distinct variables my, mg with my, ms ¢ X U BU {m}. Then,

Qms.ps € QF(X5, BsU{ms}) for 1 < s < 2, so we can consider the quantree

(Ts, <s,qs) associated to Qmg.¢s. We now construct a linearization fq : Ts —

{1,..., N} and a QBF 1, such that 15 is a prenexation of Qmgs.p, via fs.

First note that Ts = Bs; U {ms}, and B; C B. We can then define the map

fs with fs(x) = f(z) when z € By and fs(ms) = k. Observe that, on the

one hand, gs(ms) = ¢(m) and ms; = min(T}); and on the other hand, for all

x,y € By we have ¢s(z) = ¢(z) and = <, y iff x < y. From these equalities

and f being a linearization over T', it easily follows that fs is a linearization

over T5.
Let us call Bé =B, N DB, for 1 <i¢< N. Then we have:

{reTs| fs(x)=i}=B;,NBs =0, for1<i<k
{z € Ts | fs(x) = k} = (Br, N Bs) U{ms}
V,=B;,NB,, fork<i<N

We can then build a QBF 1), of the form Qm,.Q¥B¥. . ... QNBéV.cpSpSk. Then,
vy € QF(Xs, Bs U {ms}), and v, is a prenexation of Qms.ps via fs. By
induction hypothesis, 1, is equivalent to Qm.¢s.

By repeatedly applying Proposition [T} 41 o )2 is then equivalent to a QBF
of the form:

Qm1.Qma2.Q"(Bf UBE).... QN (BY U BY).01 50 © ¥2ps

Now observe that ¢1 g © ¥, = Ppsk, that BfUBS = B; forall1 <i < N,
and that my, ms ¢ X. Thus, 9 o 1y is equivalent to a QBF of the form:

QkBk. PN QNBN.(ppsk

In other words, we have shown that 1 is equivalent to Qm.(¢1 o ¥9), which
is itself equivalent to Qm.(¢1 © ¥2).

If ¢ = Qoxypp for a quantifier Qp and a variable x, then x € B =T \ {m}.
Furthermore, o € QF (X, By) where X C X C XU{z} and By = B\ {z}.
Let k = f(m) and h = f(z). Since f is a linearization and m = min(T),
we conclude that k < h. Furthermore, for all y € By = T\ {m,x} we have
z < y, and since f is a linearization, h < f(y). These findings show that
{y e T | f(y) =i} is empty for 1 < i < kand k < ¢ < h, and so ¢ is
equivalent to a QBF of the form

Qm.Q"z.Q"Vj,. ... QN VN .¢pek

where V; ={y € By | f(y) =i} for 1 <i < N.

Now consider the quantree (Tp, <, qo) associated to Qoz.¢g. Then, Ty =
T\ {m}, and for all y,z € Ty we have qo(y) = q(y), and y < z iff y < 2.
In particular, z = min(7p), and 1 < f(y) < N — h+ 1. The map fo : Tp —
1,...,N —h+1 defined by fo(y) = f(y) — h + 1 is then well-defined.
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Let us check that fj is a linearization over Ty. First, for all y, z € Ty with
y < 2 we have £(y) < £(2), 50 foly) = F(u)+(1—h) < [(2)+(1—h) = fol2)
holds. Furthermore, for all y € Ty, fo(y) is odd iff f(y) —h + 1 is odd iff
fly) — f(z) is even iff ¢(y) = ¢(x), where we have used = min(7}). Hence,
fo is a linearization over Tj. Furthermore, the following equalities are easy
to check:

{yeTo| foly) =1} = Vo U {z}
{yETQ|f0(y):i}:Vh+i_1,f0r1<i§N—h—|—1

We can then build a QBF v of the form Qoz.Qo' Vi ....Qo" "' V.00 ps-
Then, vy € QF(Xy, By), and 1) is a prenexation of Qx.¢g via fy. By induc-
tion hypothesis, ¢q is equivalent to .

Now let 1 < i < N — h + 1. On the one hand, Qy* = Qq iff 7 is odd, and
Qo = Q iff h is odd. Hence, Qoi = Q iff i — h is odd. On the other hand,
Q*th=1 = Qiff i+h—11is odd. Now, (i—h) — (i+h—1) = —2h+1is odd, so
i—his odd iff i +h — 1 is odd. We thus have shown Qq’ = Qi*"~1. Then, 1
is of the form Q"z.Q"V,. ... QNVN.cpopsk Finally, observe that o, = @psk-
We then conclude that 1 is equivalent to Qm.1, which in turn is equivalent
to Qm.po = .

Theorem 2l Let (T, <, q) be a quantree. Then, a linearization f : T — {1,...,aht(T)}
exists. Furthermore, there exists no linearization g : T — {1,..., N} such that
0 <N < aht(T).

Proof. First we show that for any linearization g : T' — {1,..., N} we have
N > aht(T). Let 21, ..., x, be an alternating path in T" with n = aht(T"). For any
1 < i < N, we then have z; < 2,11, so g(z;) < g(x;4+1). Furthermore, ¢(x;) #
q(zit1), which implies that g(x;) is odd iff ¢(x;) = ¢(min(T)) iff g(z;y1) #
q(min(T)) iff g(x;+1) is even. This shows that g(x;) # g(z;+1). We then conclude
that g(z1) < -+ < g(x,), so in particular {1,..., N} has at least n elements.
Hence, N > n = aht(T).

Now we prove that there exists a linearization f : T — {1,...,aht(T)} by
induction on ht(7'). The base case for ht(7T") = 0 is trivial, since then T is empty
and aht(7") = 0. Now assume that such a linearization exists whenever ht(7") < k
for some k > 0; we show that it also exists whenever ht(T") = k + 1.

Let m = min(7T'), and define:

S ={se€T|m< s and there exists no z € T with m < z < s}

For each s € S we can consider the set T as a quantree with the induced ordering
and quantifier mapping from T. Clearly, m ¢ Ty for each s € S, and for distinct
5,8 € S, neither s < s’ nor s’ < s hold. In particular, since T is a tree, there is
no z € T such that s,s’ € T*. This implies that the T, are pairwise disjoint for
seSs.

Now, let x € T. Then, there is a path z{,...,z, in T% such that n =
ht(T'). Since T* is totally ordered with min(7%) = m and max(T?) = x, the list
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m,xo,...,Tn_1,2 is a path in T% as well. If n = 1, then x = m; otherwise, since
n = ht(T"), we have x5 € S, and then z € T,,. What we have shown is that {m}
together with the T for s € S form a partition of 7.

Observe that ht(Ts) < k, so by induction hypothesis we can find a lin-
earization fs : Ts — {1,...,aht(7Ts)}. Following the partitioning above, the
map f:T — {1,...,aht(T)} given by

(@) 1 ifx=m
€Tr) =
fs(x) +¢*(s) ifx €T, for some s € S

is then well-defined. Note that 1 < f(x) < ¢ht(T) for all x € T. When = = m
this is trivial. Otherwise, € T for some s € S, and then either ¢(s) = g(m),
in which case f(x) < aht(Ts) < aht(7T) and ¢*(s) = 0; or else g(s) # g(m), in
which case f(z) < aht(Ts) < aht(T) and ¢*(s) = 1.

Now we show that f is indeed a linearization. First we show that f respects
the ordering in T. Let x,y € T with < y. If f(z) = 1 then trivially f(z) < f(y).
Otherwise, there is some s € S with x € T, and then y € T, as well. Then,
f(@) = fo(@) + q*(s) < fs(y) + ¢*(s) = f(y).

Finally, we show that f respects quantifier parity. Let x € T. If x = m, then
q(z) = q(m) and f(z) = 1is odd. Otherwise, x € T for some s € S. Then, f,(x)
is odd iff ¢(s) = ¢q(x), and ¢*(s) is odd iff ¢(s) = g(m). Then, f(z) = fs(z)+g*(s)
is odd iff ¢(z) = q(m).

Proposition [8 Let T be a quantree, Q be a quantifier and t,1 be directions.
Then,

1. (Lin(T), 29 is a quasi-ordered set (i.e. 3T is reflexive and transitive).
2. < s a partially ordered set.

Then, =1 defines a quasiorder on Lin(T) (i.e. it is reflevive and transitive).

Proof. First we show that <Qf defines a quasi-order on Lin(T"). To show reflex-
ivity, let f € Lin(T). Then, f(z) < f(z) for all z € T, so f 39 f.

To show transitivity, let f,g,h € Lin(T) such that f <®t g and g < A,
Then, for all z € T with ¢(z) = Q, we have f(x) < g(z) <' h(z). Hence,
f 29 h,

Now we show that <®t* defines a partial order on Lin(T'). To show reflexivity,
let f € Lin(T). Then, f ~Q f and f =R f, so f <®F f.

To show transitivity, let f,g,h € Lin(T) such that f <@ g and g <®t* h.
Then, f 39 g <Rt 1. Furthermore, if f ~® h, then g 39T h ZQF f <QF ¢ holds,
so f ~Q g and g ~Q h hold as well. This implies that f <QF g < h. Thus,

To show antisymmetry, let f,g € Lin(T) such that f <Q* g and g <t f.
Then, f 39 g 29 f, so we have f ~®Q g. This in turn implies f j@f g j@ fs
so f ~Q ¢g. Finally, f ~Q g and f ~Q ¢ imply f = g.
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In the following we prove some properties about the mappings I'y and [ f]Qi
defined in and . Throughout the proofs we will use some notation:

m = minT
R={1,...,aht(T)}
§(z) = max'(R) — aht(T])
alz) =6(z)| +1
H,={yeT}|qly) =Q}
p(x) = min*{f(y) | y € H,}

With these definitions, the following equalities hold:

Li(@) = le@)]!. .,
A% = @) o

We will also extend our conventions about directions T, | as follows. We write
Ct for O when t =%, and for C when 1 =/. Furthermore, we say that 1, ..., x,
is a f-path in T if z,,,...,z1 is a path in T" when T =1, or if z1,...,z, is a path
in T when T =J. This simply follows our convention that 1 reverses definitions
and | preserves them.

Proposition 4. Let T be a quantree, and t be a direction. Then, 1 < I't(z) <
aht(T) for allz € T.

Proof. Let x € T. Since {z} C T C T, we know that:
1 < aht(T)) < aht(T)
Since max'(R) is either 1 or aht(T"), we can conclude:
0 < |max'(R) — aht(7])| < aht(T) — 1

Then, 1 < o(z) < aht(T") follows, and therefore 0 < I't(z) < aht(T") + 1 holds.
There are only two ways in which the extremes might be reached:

— If I't(z) =0, then t = |, a(z) =1 and a(z) — ¢*(x) is odd. Then,
a(z) = |aht(T) — aht(T,)| + 1 = aht(T) — aht(T,) + 1 =1

implies aht(T") = aht(T}). Let x1,...,x, be an alternating path in T, with
n = aht(T},). Because x = min Ty, the list x, z, . . ., z,, is an alternating path
too. Now, since a(x) = 1 and a(z) — ¢*(z) is odd, we obtain ¢*(z) = 0, that
is, g(x) # g(m). The list m,xz,xo,...,x, is an alternating path in T, then.
But then aht(T) > n + 1, which contradicts aht(T") = aht(T,) = n.
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— If I't(z) = aht(T) + 1, then T = 1, a(x) = aht(T) and a(z) — ¢*(z) is odd.

Then,
alz) =1 —aht(T%)|+ 1 =aht(T%) — 1+ 1 = aht(T7)

implies aht(7*) = aht(T"). Let z1,...,z, be an alternating path in 7% with
n = aht(T). Since T is totally ordered, = maxT* and m = min 7%, then
m,Ta,...,Tn_1, 2 is an alternating path too. Then, n is odd iff ¢(x) = g(m)
iff g*(z) = 1. Since a(x) — ¢*(x) is odd, we conclude that n = aht(7T*) is odd
iff a(x) = aht(T™) is even, which is a contradiction.

We thus conclude 0 < I'i(z) < aht(T") + 1, or equivalently, 0 < I'}(x) < aht(T)
Proposition 5. Let T be a quantree, and t be a direction. Then, I't € Lin(T).

Proof. Showing that I'y respects quantifier parity for any « € T is easy: I't(z) is
odd iff La(m)JZ*(z) is odd iff g*(x) is odd. Since 0 < g*(x) < 1, we conclude that
I'y(z) is odd iff ¢*(z) = 1.

Now we show that I respects the ordering in T'. Let =,y € T' with z < y.
Then, T, €t T}f. Hence,aht(T}) <' aht(T}}) Both quantities are in the range R,
so the following inequality holds:

min'(R) <" aht(T}) <' aht(7}) <" max(R)

Equivalently,
min'(R) — max'(R) <" (y) <" 6(z) < 0

Note now that for all integers a,b with a <t b < 0 we have |a| < |b|. Then,
0 < 18(x)| < [6(y)] < |min' (R) — max' ()] = aht(T) — 1

and this shows 1 < a(z) < a(y) < aht(T).

Let us choose (u,v) as (z,) or as (y,z) so that u <! v holds. Then, a(u) <f
a(v), and then we can bound:

i) = la@)]} o <" a(w) <" a()

Let us assume that I}(u) >t I}(v). Since It (v) = La(v)Jg*(U), this can only be
the case if a(u) = a(v) holds, a(u) — ¢*(u) is even and a(v) — ¢*(v) is odd.
These three combined imply that ¢*(u) — ¢*(v) is odd, which in turn implies
q(u) # q(v).

Let x1,...,7, be an alternating f-path in 7] with n = aht(T)). Since v =
min' (T}), the list v, 3, ..., , is an alternating f-path as well. Now, u <" v and
q(u) # q(v), so the list u, v, xa,...,z, is an alternating f-path in 7). Hence,

aht(T)) > n+41 > n = aht(T)) (3)

Finally, from «(u) = a(v) we can conclude that |6(u)] = [6(v)]. A simple
case discussion can be used to show then 6(u) = d(v), which in turn implies
aht(7]) = aht(7}). But this contradicts (3.

By reduction to absurd, I't(u) <! I'}(v), so I't+(z) < I':(y). This shows that
I'; is a linearization, and together with Proposition 4| we get I'y € Lin(T).
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Proposition 6. Let T be a quantree, Q a quantifier and T be a direction. Then,
f <Y Iy for any f € Lin(T).

Proof. Let f € Lin(T) and define A = {z € T'| f(z) > I'}(2)}. If A was empty,
then the result would follow: f(x) <! I'i(z) for all € T implies both f 39 I}

and f 3@t I, and from there we get f <Qft Iy,

Let us then assume that A is nonempty and reach a contradiction. Choose
r € A maximal w.r.t. <. Observe first that, because f is a linearization, f(x)
is odd iff ¢*(x) = 1. Then, f(x) — ¢*x is even, and so

9" @)y = 1) >" (o) = [a(@)]j o)
This implies that f(z) > a(z). Let us discuss two different cases.
— If aht(7}}) = 1, then §(x) = max'(R) — 1 > 0 holds. Thus,
a(z) = 6(x)|+ 1 = 6(x) + 1 = max' (R)
Since f € Lin(T'), this leads to a contradiction:
max' (R) = a(z) <! f(z) <" max'(R)

— If aht(T}) > 1, consider an alternating f-path z1,...,2, in 7] with n =
aht(T}). Since z = min' (aht(T})), the list @, zo,...,z, is an alternating -
path in T, too. Then, x <' 5 and ¢(z) # q(z2), so we have f(z) < f(x3).
Furthermore, x is maximal in A w.r.t. <, so the following inequality holds:

Ii(x) <" f(x) <" flxz) <' Ti(2)
In particular, this implies I (z) — I't(x2)| > 2. On the other hand,
la(x2) — a(z)| = [[6(z2)] + 1 — [6(x)] — 1]
[6(z2)| — [6(2)]] <
|6(x2) — 0(z)| =
= |max'(R) — aht(TjQ) — max' (R) + aht(T})]
— Jaht(T) — abt(T, )

IN

Let us compute the last quantity. First, xo, ..., x, is an alternating {-path in
T;Q. Second, for any alternating {-path y,...,y, in T;{Q, the list z,y1, ...,y
is also an alternating {-path in T;Q. These two facts combined imply that

laht(T7]) — aht(7},)| = 1. Then,
T3 (w2) — (@) < fe(g) — )| +1 <2

We have thus shown |I}(z2) — I't(z)| = 2, so I(x2) — I't(z) is even. This
is a contradiction: from ¢(x) # g(x2) we can conclude that I't(z2) is odd iff
I';(x) is even, which implies that I't(xz2) — I (x) is odd.
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In both cases we reach a contradiction, so A is empty, and so f <Qff I3,

Lemmal[Il Let T be a quantree, Q be a quantifier, and 1 be a direction. Then,
I'y € Lin(T). Furthermore, for any g € Lin(T'), we have g 29y

Proof. I'y € Lin(T') follows from Proposition [5| Furthermore, for all g € Lin(T'),
Proposition |§| shows that g <@ft I, so in particular g <Qf I holds.

Proposition 7. Let T be a quantree, Q be a quantifier and § be a direction.
Consider a linearization f € Lin(T). Then, 1 < [f]Qi(x) < aht(T) for allx € T.

Proof. Let © € T. Since H, C T and f € Lin(T'), we know that {f(y) | y €
H,} C R, so we conclude 1 < p(x) < ghtT. We can rewrite this inequality as:

min¥(R) < p(z) < max*(R)
Then we can bound:
1% (@) = L)} (o < iala) < maxt (R) (4)

Now let us assume that [f]¥(z) <* min®(R). Since min®(R) <! u(z), this
can only be the case if y(x) = min*(R) and u(x) — ¢*(x) is odd. We show that
this leads to a contradiction.

— If H, is empty, then p(z) = min*(§) = max*(R) holds. Then, we obtain
min*(R) = max*(R), which implies aht(T) = 1 = u(z). Because pu(z) — ¢*(x)
is odd, we conclude g(x) # g(m). This is however a contradiction: in this
case, m,x would be a path in T, implying 1 = aht(T") > 2.

— If H, is nonempty, then we can find some y € H, with u(z) = f(y). Since
w(x)—qg*(x) is odd, we obtain f(z) is odd iff ¢*(x) = 1 iff p(z) is even iff f(y)
is even. Hence, q(z) # q(y), and since z <! y, we conclude f(z) <* f(y).
This leads to a contradiction:

mint (R) <F f(z) <" f(y) = () = min'(R)
By reduction to absurd, we conclude together with that
min®(R) <* [f]¥(x) <! max!(R)
and equivalently, 1 < [f]Qi(a:) < aht(T) holds.

Proposition 8. Let T be a quantree, Q be a quantifier and § be a direction.
Consider a linearization f € Lin(T). Then, [f]®" € Lin(T).

Proof. First, we show that | f]QjI respects quantifier parity. Given any x € T, we
have [f]%(z) = [u(2)]}. ), s0 [f1% () is odd iff ¢*(x).
Now we show that [f]Qi respects the ordering in T'. Let =,y € T with z < y.

Then we can choose (u,v) as (z,y) or as (y,z) so that u <* v. Then, H,, C* H,,
which implies p(u) <* p(v). Hence,

(A% ) = () [} ) <F plu) <F (o)
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Let us assume that [f]Qi (u) >4 [f]Q;t (v). This can only be the case if u(u) =
w(v) holds, p(u) — g*(v) is even, and u(v) — ¢*(v) is odd. These three properties
together imply that ¢*(u) —¢*(v) is odd, which further implies g(u) # ¢(v). Since
u <t v, we obtain u <} v. We show that this leads to a contradiction:

— If ¢(u) = Q, then u € H,, so

(o) = p(u) <F flu) < f(v)
holds. Now, if H, is empty, we have f(v) <f max*(R) = u(v). Otherwise,
we can find some w € H, with p(v) = f(w), so f(v) <* f(w) = p(v). Either
way, we conclude that u(v) <* f(v) <' u(v), which is a contradiction.

— If g(u) # Q, then ¢(v) = Q, so v € H,. Then we can find some w € H, such
that f(w) = p(v). Observe that ¢(v) = ¢(w) = Q and p(v) — ¢*(v) is odd.
Then, ¢*(v) = 0 iff p(v) is odd iff f(w) is odd iff ¢*(w) = 1 iff ¢*(w) = 1,
which is a contradiction.

By reduction to absurd, we conclude that g(u) <* g(v), and equivalently, g(z) <
9(y)-

Proposition 9. Let T' be a quantree, Q be a quantifier and I be a direction.
Consider a linearization f € Lin(T). Then, g ~% [f]Qi and g 39 [f]Qi for any
g € Lin(T) such that f ~% g.

Proof. Let g € Lin(T) with [f]Q;t ~Q ¢. First we show [f]Qi ~R g LetxecT
with ¢(z) = Q. Then, x € H,, so u(x) <' f(x). Now, since H, is nonempty,
there is some y € H, with f(y) = u(z). Note that 2 <* y, so:

f(2) <* f(y) = plz) <F f(z)
This shows f(x) = u(z). Now, f(z) is odd iff ¢*(x) = 1. In particular, u(z)—q¢*(x)
is even. Furthermore, f ~Q g, so f(x) = g(x). Hence,

(A% @) = @)k o) = p@) = f@) = g(x)

which shows [f]Qi(ac)EQ g.
Now we show g 3 [f]% holds. Let 2 € T such that ¢(z) # Q. observe that
g(z) is odd iff ¢*(z) =1, so g(z) = Lg(x)fl*(x) holds.

— If H, is empty, then u(z) = min* () = max*(R). From g(z) <! max*(R) we
obtain:

9(@) = Lo(@)) by <F (maxt (B)]). = (@)L ) = 1Y @)

— If H, is nonempty, then we can find some y € H, such that u(z) = f(y).
Since ¢(y) = Q and z <* y, we have:

g(x) <* g(y) = f(y) = (=)

Then we obtain:
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Either way, we have shown g(z) <* [f]QI (x) for any x € T with g(z) # Q. Hence,
g 3% [F1¥ holds.

Lemma [2l Let T be a quantree, Q be a quantifier and T, 1 be directions. Consider
a linearization f € Lin(T). Then, [f]Qi € Lin(T'). Furthermore, [f]Qi ~Q f, and
for any g € Lin(T) with g ~2 f, we have g <T* [f]Qi.

Proof. f € Lin(T) is shown by Propostion |8 | f}Qi ~Q f follows from Proposi-
tion [9] by considering f ~Q f. Now, let g € Lin(T) with g ~Q f. Proposition [9]
shows that [f]Qj; ~Q gand g jai [f]Qi hold. The former also implies g <QF [f]Qi.
Hence, g <91 [f]¥.

Theorem Bl Let T be a quantree, Q be a quantifier and 1,1 be directions. Then,
f =<t [I}]Q;t for all f € Lin(T). In particular, [I}]Q;t is the unique QtI-optimal
linearization in Lin(T).

Proof. Let f € Lin(T). Then, by Lemma [1} f 39 I. Since Lemma [2| shows
that I} ~Q [FT]QI, we conclude that f =<Qf [FT]QJ:.

— If f ~Q [I}]% does not hold, then f <@ [ holds by definition.
—If fxQ [[‘Jr]Qi holds, then f ~Q I'} holds as well, and Lemmathen implies
<0 [

Either way, we conclude f <Qf% [FT]Qi.

Corollary Let T be a quantree, Q be a quantifier and T be a direction. Let
f € Lin(T). Then, for all x € T such that q(x) # Q, the following equality holds:

1

1% @) = [minH{(1% ) | @ is covered by y €T wrt. <]

Proof. Let us define for all x € T the following;:

S, ={y € T |z is covered by y w.r.t. <¥}
Mz) = min™{G(y) | y € 5.}

Then we need to show that [f]Qi(x) = L)\(x)Jfl*(z) for all x € T with ¢(x) # Q.

— If S, is empty, then since H, is empty as well. Then, A(z) = pu(z) = min*(0),
s0 [f1%(@) = () e () = LM@) g gy holds.

— If S, is nonempty and H, is empty, then for all y € S, we have H, C H, =,
so 1u(y) = max*(0) = u(z). Since x <* y and y ¢ H,, we conclude ¢(y) # Q.
Hence, ¢*(z) = ¢*(y). Then,

A% W) = )i = @)k o
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which is independent of y. Then we obtain:
: terpQE i
@)y = [mint (1% e s =

_ Lmini{ @)k o }J i

@)

1

= @], = @) = 1% @)

— If both S, and H, are nonempty, then we can find v € S; and w € H,
such that A(x) = [f}Qi(u) and p(z) = f(w). Furthermore, we can find some
v € 8, such that v <* w. Observe also that g(w) = Q, so [f]¥(w) = f(w).
Then we have:

Mz) = [A%@w) <% ) < A% W) = fw) = p(z)
We thus conclude |A(z)]} ) <t [f]Qi(x). On the other hand, » <* w, so

q*(z

[f]Qi(CU) <t [f]Qi(u) = A(z). This implies:

1% (@) = (@)L oy = W(az) Jﬁ*(z)f = Uf]Qi(:c)f <t @)k

q* () B a(z)

Both inequalities combined yield [A(z)|* )= (/1% ().

q* (=
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